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Stress evolution during the two-step charging of high-capacity 
electrode materials 
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H I G H L I G H T S  G R A P H I C A L  A B S T R A C T  

• We develop a chemo-mechanical model 
for anodes undergoing the two-step 
charging. 

• We reveal a unique stress mitigation 
mechanism inherent to the two-step 
charging. 

• We study how nonlinear modulus- 
concentration relation affects stress 
evolution.  
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A B S T R A C T   

It has been well recognized that the lithiation of crystalline silicon advances via a one-step two-phase mecha-
nism. In stark contrast, other high-capacity anode materials including amorphous silicon, germanium, and tin for 
lithium-ion and sodium-ion batteries are charged through a two-step process. That is, the first step of charging 
advances by the movement of a reaction interface that separates a pristine phase and a partially charged phase 
until the pristine anode material is fully consumed. Then the second step of charging sets in without a visible 
interface, eventually resulting in the fully charged anode. Lithiation and associated stress generation in crys-
talline silicon have been extensively studied by experiments and simulations. However, little attention has been 
given to the charging mechanics of anodes undergoing two-step charging. In this work, by resorting to the finite 
element method, we develop a model to simulate the stress generation in nanoparticle anodes during the two- 
step charging process. The model accounts for the unique charge-carrier concentration profile during two-step 
charging and the elastic softening of anode materials. We find that these two factors, in concert, lead to effec-
tive stress mitigation during the second step of charging, yielding the tough charging behavior of anodes 
featuring the two-step charging mechanism.   

1. Introduction 

Lithium-ion batteries (LIBs) have become an indispensable source of 
energy for portable devices. Graphite is currently the state-of-the-art 
anode material for commercial lithium-ion batteries. Notably, the 
theoretical capacity of crystalline silicon (c-Si) reaches 4200 mA h/g, 

exceeding that of graphite (372 mA h/g) by almost 10 times [1,2]. In this 
regard, c-Si is emerging as a promising candidate material for anodes of 
lithium-ion batteries. However, despite the large capacity, c-Si has a 
major drawback – prone to fracture. The lithiation of c-Si anodes occurs 
via a two-phase mechanism, with a moving phase boundary separating a 
pristine c-Si core and a fully lithiated outer shell of Li3.75Si [3,4]. The 
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drastic volume expansion (~280%) due to the insertion of lithium (Li) 
pushes out the Li3.75Si shell, causing excessive tensile stress in the sur-
face layer of the anode. In addition, experimental evidence has accu-
mulated that the lithiation of c-Si is highly anisotropic, featuring 
considerably large volume expansion along the <110> direction but 
negligibly small expansion along the <111> direction [5]. Such aniso-
tropic expansion behavior induces significant stress concentration, 
further increasing the tensile stress level at specific sites of the particle 
surface. Consequently, driven by large hoop tension induced by the 
anisotropic two-phase lithiation, the fracture of c-Si anodes originates at 
the anode surface and occurs preferentially between adjacent <110>
directions [4,6], pulverizing the c-Si anode structure and thereby 
undermining the cycling performance of the LIBs. 

Motivated by the needs to mitigate mechanical degradation induced 
by anisotropic lithiation, c-Si has been designed into various nano-
structures, such as nanofilms [7,8], nanowalls [9], nanowires [2,10,11], 
and nanoparticles [12–15]. Besides engineering the geometry of c-Si 
nanostructures, considerable efforts have been devoted to constructing 
lithium-ion batteries with alternative anode materials, such as amor-
phous silicon (a-Si), germanium (Ge), and tin (Sn). Insertion of lithium 
into a-Si induces a volume expansion of 280% at full charge, rendering 
the theoretical capacity of a-Si the same as that of c-Si (i.e., 4200 mA 
h/g). Notably, both experiments and simulations have revealed that 
lithiated a-Si anodes have a more gentle variation of Li profiles than c-Si 
anodes do, which endows a-Si with enhanced resistance to mechanical 
degradation [16–18]. Ge also has a high specific capacity, which is 1384 
mA h/g for Li15Ge4 [19–21]. To achieve a high charging/discharging 
rate in LIBs, fast transport of both electrons and Li ions is highly desir-
able. The electronic conductivity and the lithium-ion diffusivity are 
higher in Ge than in Si [22,23], such that LIBs based on Ge anodes may 
possess better rate capacity and power density than Si-based LIBs. 
However, its low earth abundance and complicated processing tech-
nology make germanium an expensive material. Moreover, germanium 
has greater toxicity than materials such as tin. As another Group IV 
element, tin possesses a theoretical capacity of 994 mA h/g, about three 
times that of the commercialized graphite anode in current LIBs. 
Moreover, Sn is inexpensive, earth-abundant, and nontoxic, making it 
another promising candidate anode material for LIBs [24]. 

One salient feature of a-Si, Ge, and Sn anodes is the isotropic two- 
step lithiation process [18,19,25], which is in stark contrast to the 
anisotropic one-step lithiation that takes place in c-Si. In the first step, 
the lithiation occurs via a two-phase mechanism, with a migrating 
interface separating a pristine phase and an intermediate lithiated 
phase. Such an interface exists until the pristine phase is exhausted. 
Then the second step of lithiation advances via a one-phase mechanism 
without a visible interface, lithium concentration in the anodes ramps 
up continuously, ending up with fully lithiated anode materials. It has 
been revealed by experiments that the abovementioned anode materials 
undergoing two-step lithiation process are less susceptible to fracture 
than c-Si, as exemplified by their large critical fracture size below which 
anodes are immune to lithiation-induced fracture. Specifically, a-Si 
particles up to 870 nm in diameter do not fracture upon lithiation, and 
no cracking is observed after full lithiation in Ge spheres as large as 620 
nm. These values are much larger than the 150 nm critical fracture 
diameter previously identified for c-Si particles. The tough mechanical 
behavior of a-Si, Ge, and Sn during lithiation is mainly ascribed to the 
more uniform and gentle stress profiles due to isotropic and two-step 
lithiation [17,18]. Although how isotropy in lithiation reaction allevi-
ates stress concentration has been unveiled computationally [26], 
quantitative evidence corroborating the contribution of two-step lith-
iation is still lacking – the past decade has witnessed extensive studies on 
the stress generation in c-Si anode, but few efforts have been devoted to 
simulating stress evolution of anode materials subjected to two-step 
charging. In addition, the two-step charging process has not only been 
found in LIBs, but it also exists in battery systems beyond lithium 
chemistry, such as sodium(Na)-ion batteries (NIBs), and potassium 

(K)-ion batteries (KIBs) [25–27]. For instance, sodiation and potassia-
tion of Sn anodes also take place via a two-step process [27,28]. How-
ever, the charging mechanics of electrodes in these novel batteries has 
garnered little attention. To this end, it is of practical significance to 
numerically study the stress generation of high-capacity electrode ma-
terials undergoing two-step charging. The results are expected to shed 
light on the understanding of the tough behavior of a-Si, Ge, and Sn 
anodes, and offer design guidelines for next-generation rechargeable 
batteries including LIBs, NIBs, and KIBs. 

In this paper, by employing finite-element-based chemomechanical 
simulation, we report a systematic mechanistic study of the stress evo-
lution in anodes subject to two-step charging. Our case studies on 
various anode systems, including Li/a-Si, Li/Ge, Li/Sn, and Na/Sn, 
reveal that the charging-induced elastic softening of anode materials 
leads to effective stress reduction during the second step of charging, 
giving rise to the tough mechanical behavior of anodes. That is, a unique 
stress mitigation mechanism that is inherent to the two-step charging 
process is identified. We demonstrate that the evolution of stress during 
two-step charging is strongly affected by two factors: the composition of 
the intermediate phase (namely, the concentration of guest atoms – Li, 
Na, and K – in the intermediate phase) and the variation of Young’s 
modulus as charging proceeds. The mechanistic findings emerging from 
the present study can offer quantitative insights into the charging 
behavior of a myriad of high-capacity electrodes featuring the two-step 
charging mechanism. Since stress generation in electrodes during 
charging is critical to the performance of batteries, and little attention, if 
any, has been given to the stress generation in anodes featuring a two- 
step charging mechanism, the novelty and significance of the present 
study include. (i) We develop a first-of-its-kind mechanical model for 
studying stresses in anodes undergoing a two-step charging process. (ii) 
We identify a universal stress mitigation mechanism inherent to the two- 
step charging process, which explains the tough behavior of anodes 
featuring a two-step charging mechanism. 

2. Computational model 

Nanomaterials, especially nanoparticles, have been widely utilized 
as the basic building blocks to develop anodes for LIBs and NIBs, since 
the nanometer size scale shortens the diffusion path and reduces the 
driving force for crack formation, thereby enhancing both the rate ca-
pacity and resistance to mechanical failure of electrodes. For example, 
the pomegranate-inspired anode design that encapsulates individual 
silicon nanoparticles in carbon cages has been demonstrated with su-
perior cyclability [14]. Understanding the stress evolution in an indi-
vidual nanoparticle – the basic building block for various novel anodes – 
during charging lays the foundation for the development of 
next-generation high-performance batteries. For this reason, the 
computational model developed in the present work will focus on 
nanoparticle anodes that undergo two-step charging, as illustrated in 
Fig. 1(a). 

2.1. Two-step charging 

Fig. 1(a) sketches the two-step charging process during which guest 
atoms A (Li, Na, or K) are infiltrated into an anode particle of host 
material B (a-Si, Ge, or Sn). In the first step of charging, guest atoms 
migrate into the anode through the outer surface, forming an interme-
diate phase AαB near the outer surface, which is separated by an 
atomically sharp interface from the pristine phase B. As charging goes 
on, the interface continuously moves, consuming the unreacted host 
material and leaving a thick AαB shell in the wake of the moving 
interface, until the inner core of pristine phase B is completely 
consumed. The first step of charging ends up with a sphere of AαB. In this 
work, we examine the stress evolution in a-Si anodes, Sn anodes, and Ge 
anodes in LIBs, as well as Sn anodes in NIBs, for which the intermediate 
phase AαB is Li2.5Si, LiSn, Li2.5Ge, and Na0.5Sn, respectively (Table 1). In 
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the second step, the anode is charged from the intermediate phase AαB to 
the fully charged phase AβB via a single-phase mechanism without an 
interface. The final product, AβB, is Li3.75Si, Li4.4Sn, Li3.75Ge, and 
Na3.75Sn for the Li/a-Si, Li/Sn, Li/Ge, and Na/Sn system, respectively 
(Table 1). To visualize the distribution of A in the anodes during the two- 
step charging process, we plot the normalized concentration c of guest 
atom A in Fig. 1(b), which is defined as the current concentration of A 
divided by the concentration in the fully charged state. For example, 
denote the current phase by AxB (0 ≤ x ≤ β), the normalized concen-
tration c is given by x/β. Note that Ro is the outer radius of the nano-
particle in its undeformed configuration. 

We study the two-step charging process and the concurrent stress 
generation by employing the commercialized finite element package 
ABAQUS. The phase evolution as well as the migration of the interface 
during the two-step charging is modeled by a nonlinear diffusion model, 
with the conductivity given by 

D=

{
D0[1/(cI − c) − 2c] if c < cI and D ≤ 103D0
103D0 otherwise (1)  

where D0 is a model constant, cI represents the normalized concentra-
tion of guest atom A in the intermediate phase, which is defined as α/ β. 
To simulate the first step of charging, we set the boundary condition 
c(Ro) = cI at the surface of the particle. The diffusivity given in Eq. (1) is 
considerably large in the AαB shell and is negligibly small in the 
unreacted core, such that the normalized concentration of guest atoms 
in the wake of the migrating interface can quickly attain the value c =

cI, while that ahead of the front remains zero. This produces a moving 
interface in the first step of charging, as observed in experiments [18, 
27]. In the second step, the anode particle is subjected to a constant flux 
at the surface; the fast diffusion of guest atoms driven by the diffusivity 
of 103D0 gives a gentle variation of concentration profiles. The above 
nonlinear diffusion model is implemented as a user material subroutine 

for heat transfer (UMATHT) to interface with ABAQUS, updating dif-
fusivities based on the current concentration c. D0 is set to be 
10− 17  m2/s. Although voltage profiles are not used in the modeling, it is 
still important to mention how voltage profile evolves during two-step 
charging under galvanostatic conditions: (i) During the first step of 
charging, the voltage remains a constant since the charging process is 
reaction-controlled. (ii) During the second step of charging, the voltage 
decreases with time, because the charging process is diffusion-controlled 
[29]. 

2.2. Charging-induced volume expansion 

During charging, guest atoms A are infiltrated into the anodes and 
alloy with the host material B, eventually forming the final product AβB 
and causing drastic volume expansion of the anodes. For example, a-Si 
anodes in LIBs are lithiated to Li3.75Si upon full charging, resulting in a 
volume expansion of 280% (Table 1). In the following, we use η to 
denote the ratio of the volume of the fully charged phase (AβB) over the 
volume of the pristine anode material (B), such that η for the Li/a-Si 
system is 3.8. Charging-induced volume expansion for various anode 
materials has been observed and measured experimentally [18,25–27]. 
Based on data in the literature, the volume expansion ratio η for Li/Sn, 
Li/Ge, and Na/Sn systems is 3.58, 3.46, and 5.2, respectively (Table 1). 

In the modeling, the volumetric strain caused by the insertion of 
guest atoms is proportional to the normalized concentration c, i.e., εv

ij =

τδijc (i, j = 1, 2, 3), where εv
ij is the charging-induced volumetric strain, 

δij is the Kronecker delta, and τ is the charging-induced volume expan-
sion coefficient. When the anode material is fully charged, the normal-
ized concentration of the guest atoms reaches unity, namely, c = 1, and 
thus the volumetric strains at full capacity are given by εv

11 = εv
22 =

εv
33 = τ. In ABAQUS, εv

ij represents true strain defined on the deformed 
configuration, such that the corresponding stretch ratio is λv

11 = λv
22 =

λv
33 = eτ, giving rise to the volume expansion ratio η = λv

11λv
22λv

33 = e3τ. 
To this end, the charging-induced volume expansion coefficient τ is 
related to the volume expansion ratio η by 

τ= 1
3

ln η (2) 

According to Eq. (2), for Li/a-Si, Li/Sn, Li/Ge, and Na/Sn anode 
systems, τ equals to 0.445, 0.425, 0.414, and 0.550, respectively. These 
values of τ are assigned to ABAQUS in order to simulate the large volume 
expansion caused by charging. The NLGEOM option in ABAQUS is 
switched on to account for large nonlinear geometrical changes induced 
by charging. 

Fig. 1. Snapshots illustrating the two-step charging process and the corresponding distribution of guest atoms in the anodes. (a) In the first step, charging occurs via a 
two-phase mechanism with a reaction interface between pristine phase B and intermediate phase AαB moving inwards until the phase B is exhausted, yielding a 
sphere of AαB at the end of the first step. In the second step, the intermediate phase AαB evolves into AβB without a visible interface. (b) The profile of normalized 
concentration of guest atom A in anodes as charging advances. Ro is the outer radius of the nanoparticle in its undeformed configuration. 

Table 1 
The volume expansion ratio, the composition of the intermediate phase, and the 
composition of the fully-charged phase of the four anode systems studied.  

The anode 
system 

The volume 
expansion ratio η  

The intermediate 
phase (AαB)  

The fully-charged 
phase (AβB)  

Li/Ge [19] 246% Li2.5Ge  Li3.75Ge  
Li/Sn [25] 258% LiSn  Li4.4Sn  
Li/a-Si [18] 280% Li2.5Si  Li3.75Si  
Na/Sn [27] 420% Na0.5Sn  Na3.75Sn   
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2.3. Concentration-dependent mechanical properties 

First-principles calculations have revealed that Young’s modulus and 
Poisson’s ratio of lithiated and sodiated anode materials both decrease 
as charging advances [30]. It has been widely recognized that the 
insertion of guest atoms (e.g., lithium) facilitates the breaking of bonds 
in host materials (e.g., Si–Si bond in a-Si anodes) and formation of 
weaker bonds between guest and host atoms (e.g., Li–Si bond in Li/a-Si 
system) [30,31]. This results in a reduction in Young’s modulus with 
increasing concentration of guest atoms, a phenomenon widely referred 
to as the elastic softening [32,33]. We summarize the 
concentration-dependent mechanical properties of Li/Ge, Li/Sn, Li/a-Si, 
and Na/Sn anode systems in Table 2. For Ge anodes in Li-ion batteries, 
Young’s modulus and Poisson’s ratio of pristine Ge are 102.7 GPa and 
0.28, respectively [34]. During lithiation, Ge anodes undergo drastic 
elastic softening, with Young’s modulus eventually reducing to 46.7 GPa 
and Poisson’s ratio diminishing to 0.22 at full lithiation (Li3.75Ge) [35]. 
Sn can act as the anode material for both LIBs and NIBs, possessing 
Young’s modulus of 51 GPa and a Poisson’s ratio of 0.34 [24]. In LIBs, 
the full lithiation of Sn anode results in a final product of Li4.4Sn, with a 
significantly lower Young’s modulus of 24.7 GPa and a Poisson’s ratio of 
0.24 [24]; In NIBs, Na3.75Sn is formed at full charging of which Young’s 
modulus and Poisson’s ratio become 15 GPa and 0.31, respectively [33]. 
Elastic softening has also been observed in a-Si anodes under lithiation, 
Young’s modulus and Poisson’s ratio of a-Si diminish with increasing Li 
concentration from 96 GPa to 0.28 for pristine a-Si to 41 GPa and 0.25 
for Li3.75Si [24]. As to be shown later, such charging-induced elastic 
softening plays a pivotal role in affecting the stress evolution of 
high-capacity anodes undergoing two-step charging. In the finite 
element modeling, mechanical properties of pristine anode materials 
(c = 0) and fully charged anode materials (c = 1) are adopted from 
Table 2; We assume that both Young’s modulus and Poisson’s ratio of 
the anode materials vary linearly with the concentration of guest atoms. 
Moreover, experiments have indicated that Si and Ge anodes deform 
plastically when the stress exceeds the yield strength during lithiation 
[36,37]. The plastic deformation is engendered by the repeated breaking 
and re-forming of Si–Si bonds and Li–Si bonds [30,31]. It is reasonable to 
surmise that other anode materials undergoing two-step charging also 
experience plastic deformation because of the continuous bond breaking 
and formation facilitated by the insertion of guest atoms. In simulations, 
the yield strength σY of the charged anode material is taken to be 0.01EB, 
where EB denotes Young’s modulus of the pristine anode material B. 

3. Results and discussion 

3.1. Stress evolution and mitigation during two-step charging 

To show the stress distribution and evolution during two-step 
charging, we take a Ge nanoparticle anode in LIBs as an example. As 
mentioned earlier, the lithiation of Ge advances via a two-step process 
[19]: The first step is marked by a moving interface that separates the 
pristine Ge (c = 0) ahead of the interface and the Li2.5Ge intermediate 

phase (c = 0.67) in the wake (see the inset of Fig. 2(a)). In the second 
step, the anode is gradually lithiated from the Li2.5Ge intermediate phase 
(c = 0.67) to the Li3.75Ge phase (c = 1), as illustrated by the insets of 
Fig. 2(b)–(d). 

Fig. 2(a)–(d) plots the distribution and contours of three stress 
components – including von Mises stress σmises, hoop stress σθ, and radial 
stress σr, all normalized by the yield strength σY – at four representative 
stages. In the first step of lithiation, as shown in Fig. 2(a), the inner 
unlithiated core of the Ge particle is under hydrostatic stress state with 
σr = σθ, resulting in zero von Mises stress. In the vicinity of the interface, 
the constraint from the inner unlithiated core acts against the volume 
expansion of the outer Li2.5Ge shell. Hence, the Li2.5Ge phase near the 
interface is under compressive hoop stress, and the resulting von Mises 
stress readily reaches the yield strength, causing plastic deformation in 
the Li2.5Ge shell. As the interface moves inwards, more anode materials 
in the wake of the interface are lithiated and expand in volume, pushing 
out Li2.5Ge shell near the outer surface and stretching the shell in the 
hoop direction. In consequence, the hoop stress σθ in the Li2.5Ge shell 
near the particle surface becomes tensile and reaches σY in the surface 
layer. The stress distribution in the Ge particle during the first step of 
lithiation is very much like that in a lithiated c-Si particle [38], since in 
both cases the lithiation is dominated by a two-phase lithiation mech-
anism. At the end of the first step, the anode particle experiences a high 
level of stresses. As seen from Fig. 2(b), the tensile hoop stress at the 
particle surface remains to be σY and almost the entire anode attains 
plastic yielding with the von Mises stress being σY . 

In the second step of lithiation, the most salient feature is the stress 
reduction. Fig. 2(b)–(d) show that magnitudes of hoop stress, radial 
stress, and von Mises stress decrease as charging continues. The stress 
reduction is attributed to both the elastic softening discussed in Section 
2.3 and the gentle Li profile in the second step of charging mentioned in 
Section 2.1. More details of the mechanism underpinning the stress 
reduction will be discussed later in Sec. 3.3. In particular, results in 
Fig. 2(b)–(d) indicate that the tensile hoop stress σθ at the particle sur-
face (R/Ro = 1) decreases from σY at the end of the first step (Fig. 2(a)), 
to 0.79σY when the particle is lithiated to Li3Ge (Fig. 2(c)), and even-
tually to 0.66σY in the fully lithiated particle (Fig. 2(d)). Since high 
tensile hoop stress at the outer surface may consequently trigger the 
fracture of the anode particle [16,39–42], the drop in magnitude of the 
hoop tensile stress can effectively mitigate the charging-induced frac-
ture, thereby imparting tough lithiation behavior to Ge anodes. It is 
worth noting that the stress generation and evolution in Li/a-Si, Li/Sn, 
and Na/Sn anode systems are similar to that of Ge anodes in LIBs shown 
in Fig. 2. A common feature of the stress evolution in anodes undergoing 
two-step charging is the significant stress reduction that takes place in 
the second step of charging. In sharp contrast, although insertion of 
lithium also cause elastic softening of c-Si, the lithiation of c-Si takes a 
one-step process and consequently the stress level remains considerably 
high during the entire charging, rendering c-Si prone to 
charging-induced fracture [38]. 

3.2. Hoop stress in the surface layer in various anode systems 

As mentioned earlier, the magnitude of hoop stress in the surface 
layer of anode particles plays a critical role in dictating the fracture 
behavior of anodes. In Fig. 3, we plot the normalized hoop stress in the 
surface layer (namely, hoop stress divided by the yield strength of the 
materials) as a function of the state of charge (SOC) for all anode systems 
studied in this work. The SOC can be evaluated by SOC =

3Ro
− 3 ∫Ro

0
c(R)R2dR, where Ro is the outer radius of the particle in the 

initial configuration, radius R represents the position of a material 
element and c(R) is the normalized concentration at radius R. Note that 
SOC = 0 represents the uncharged state of the anode, and SOC = 1 the 
fully-charged state. For the Ge anode in the LIBs, as lithiation starts, the 

Table 2 
Young’s modulus and Poisson’s ratio of pristine and fully-charged anode 
materials.  

Anode System Young’s Modulus (GPa) Poisson’s Ratio Phase 

Li/Ge [34,35] 102.7 0.28 Ge 
46.7 0.22 Li3.75Ge  

Li/Sn [24] 51.0 0.34 Sn 
24.7 0.24 Li4.4Sn  

Li/a-Si [24] 96.0 0.29 a-Si 
41.0 0.25 Li3.75Si  

Na/Sn [33] 51.0 0.34 Sn 
15.0 0.31 Na3.75Sn   
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insertion of lithium atoms causes the surface layer of the particle to 
swell. The constraint from the inner unlithiated core acts against the 
volume expansion and generates significant compressive stress in the 
surface layer, leading to compressive plastic yielding with σθ(RO) = −

σY . As the interface moves forward, lithiation-induced swelling of ma-
terials right behind the interface pushes out the Li2.5Ge shell behind the 
migrating interface, thereby stretching the surface layer in the hoop 
direction and reversing the initial compressive plastic yielding into 
tensile yielding with σθ(RO) = σY . The tensile plastic yielding maintains 
until the SOC reaches 0.67, which marks the end of the first step of 
lithiation. In the second step of charging, the SOC ramps up from 0.67 to 
1, and the hoop stress at the surface layer decreases linearly from σY to 
0.66σY . As discussed above, the mechanism of this stress drop is due to a 
combined effect of the two-step charging process and the elastic soft-
ening. In Fig. 3, it is further noted that the σθ(RO) curve of a-Si anodes 

almost coincides with that of the Ge anode, ending up with σθ(RO) =

0.64σY . For Li–Sn and Na–Sn anode systems, the intermediate phases 
are LiSn and Na0.5Sn, respectively, and the corresponding SOC at the end 
of the first-step charging is 0.23 and 0.13. After the second step of 
charging, the hoop stress in the surface layer of Li4.4Sn becomes 0.45σY , 
and that in Na3.75Sn reduces to 0.28σY , both of which are lower than that 
in Ge and a-Si anodes. 

3.3. Theoretical analysis 

Secs. 3.1 and 3.2 have investigated the stress evolution of various 
anode systems that undergo the two-step charging process. Results 
indicate that the first step of charging leads to the buildup of high 
stresses, while the second step yields a continuous drop in the stress 
level. Nevertheless, a key question remains unclear: what is the mech-

Fig. 2. Evolution of stresses in a Ge nanoparticle during two-step charging. (a) and (b) show the distribution of stress components in the first step of charging; (c) and 
(d) demonstrate the stress profiles in the second step. Insets in (a–d) show the stages of charge. Corresponding stress contours are also presented. From left to right, 
the three columns represent the distribution of von Mises stress, radial stress, and hoop stress, respectively. 
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anism underpinning the stress reduction occurring in the second step of 
charging? As an effort to find the answer to the above question and 
validate the simulation results presented in previous sections, we next 
outline a simple theoretical model to determine the hoop stress in the 
surface layer after full charging, and compare the theoretical predictions 
to modeling results given in Fig. 3. It has been noted in several theo-
retical studies that two-phase charging mechanism, like the lithiation of 
c-Si or the first-step of charging in Ge anodes, leads to tensile plastic 
yielding in the surface layer of anode particles so that the surface hoop 
stress σθ(RO) equals to σY [16,38,43]. During the second step of 
charging, the variation of the concentration of guest atoms in the anode 
is gentle [18,19]. Therefore, the anode swells uniformly during the 
second step, hardly changing the elastic and plastic strain fields. 
Moreover, as aforementioned, the Young’s modulus of the current phase 
AxB decreases from EAαB to EAβB in the second step, where EAαB and EAβB 

represent the Young’s modulus of the intermediate phase and that of the 
final product, respectively. Such elastic softening as well as the almost 
unchanged strain fields causes elastic unloading and reduces the stress 
level to the elastic regime. For simplification, we assume the elastic and 
plastic strains remain fixed during the second step of charging and 
ignore the variation of Poisson’s ratio during charging. Then it arrives 
that the surface hoop stress at the end of charging is proportional to that 

at the end of the first step in a fashion that σθ(RO) =
EAβB

EAαB
σY, at SOC = 1. 

Moreover, it has been assumed that the Young’s modulus of AxB linearly 
decreases as the value of x increases, that is, the Young’s modulus of the 
intermediate phase EAαB can be given by EAαB = EB − (EB − EAβB)

α
β. Then 

we obtain that, at the end of charging, 

σθ(RO)

σY
=

[
EB

EAβB
−

(
EB

EAβB
− 1

)
α
β

]− 1

(3) 

Given an anode system, surface hoop stress at the end of charging can 
be evaluated by using Eq. (3). For instance, for Ge anodes in Li-ion 
batteries, EB = 102.7 GPa, EAβB = 46.7 GPa, α = 2.5, and β = 3.75, 
plugging these values into Eq. (3) gives σθ(RO)

σY
= 0.71. In this way, surface 

hoop stress at the end of charging in Li/a-Si, Li/Sn, and Na/Sn anode 
systems are evaluated to be 0.69, 0.55, and 0.32, respectively. Notably, 
the theoretical predictions agree reasonably well with the results from 
finite element simulations – 0.71 vs. 0.66 for Li/Ge, 0.69 vs. 0.64 for Li/ 
a-Si, 0.32 vs. 0.28 for Na/Sn – considering that the theoretical analysis 
invokes various simplified assumptions such as constant Poisson’s ratio. 
However, the Poisson’s ratio of Sn anodes decreases considerably from 
0.34 to 0.24 during lithiation, such that the theoretical analysis suggests 
σθ(RO)

σY
= 0.55 while the finite element modeling gives 0.45. 

3.4. Linear vs. nonlinear variation of Young’s modulus 

As discussed earlier, when guest atoms (e.g. Li and Na) are contin-
uously inserted into anodes, Young’s modulus of the charged phase di-
minishes with increasing concentration of guest atoms. Previous studies 
[16], including simulation results presented in Sec. 3.1-3.3 of this work, 
assume that Young’s modulus changes linearly as the concentration of 
guest atoms increases for simplification. However, Ab initio calculations 
have indicated that the dependence of Young’s modulus of lithiated 
silicon on the Li concentration is not necessarily linear [30]. To explore 
the influence of the nonlinear variation of modulus with increasing 
concentration of guest atoms, we take Ge anodes as an example, 
examining the stress evolution when the modulus of lithiated Ge de-
creases in a nonlinear fashion as Li concentration increases. Fig. 4(a) 
shows the comparison between the linear modulus-concentration rela-
tion adopted in Sec. 3.1-3.3 and three nonlinear cases; Evolution of 
Young’s modulus in all three nonlinear cases starts at 102.7 GPa for c =

0, and continuously descents to 46.7 GPa at c = 1 following a nonlinear 
path which is convex downward. Fig. 4(b) shows the surface hoop stress 
as well as the stress contours at the end of charging for the four cases. 
One notes that the case #4 of the linear modulus-concentration relation 
yields the lowest surface hoop stress at the end of charging. As analyzed 
in Sec. 3.3, the surface hoop stress at the end of charging can be 
approximated by ELi3.75Ge

ELi2.5Ge
σY. Evidently, given that ELi3.75Ge = 46.7  GPa, 

the larger the value of ELi2.5Ge is, the smaller the surface hoop stress at the 
end of charging. Therefore, Ge anodes with a linear 
modulus-concentration dependence experience the lowest surface ten-
sion after being fully charged. The above results reveal that dependence 
of Young’s modulus on the concentration of guest atoms plays a 
nontrivial role in affecting stress evolution of anodes under two-step 
charging. Assuming a linear modulus-concentration relation may lead 
to underestimation of the stress generated during the second step of 
charging. 

4. Discussions 

It is worth noting that the two-step or two-phase charging not only 
takes place in electrode materials mentioned above but also in some 
transition metal oxides such as NiO and CuO [44]. Electrode materials in 
lithium-ion batteries can be classified into two categories: (1) 
intercalation-type materials, (2) alloying and conversion-type materials, 
based on the lithium storage mechanism. Conventional electrode ma-
terials (e.g. graphite) host lithium ions via physical intercalation, which 
involves insertion and removal of lithium ions within the lattice struc-
ture of the electrode materials, without chemically forming any new 
phases. Volumetric changes of intercalation-type electrodes during 
cycling are often small (~5%–10%). Moreover, the variation of lithium 
concentration within the electrodes is smooth and gentle, since the 
lithiation process is one-step one-phase. Therefore, lithiation-induced 
stresses in intercalation-type electrodes are moderate. In stark 
contrast, alloying and conversion-type materials react with lithium ions, 
which is characterized by the formation of entirely new phases and 
considerable volume change (100%–300%). Typical alloying and 
conversion-type materials include Si, Sn, Ge discussed above and tran-
sition metal oxides such as NiO, and CuO. In general, these alloying and 
conversion-type electrode materials often undergo a two-step two-phase 
charging process involving the growth of a new lithiated phase. Due to 
the pushing-out effect caused by the large volume expansion of the 
electrode particles, the hoop stress on the outer surface of the particle is 
large, leading to radial crack formation. One notes that transition metal 
oxides have garnered much attention due to their high theoretical ca-
pacity. For example, NiO has been demonstrated as a high areal capacity 
electrode in flexible lithium-ion batteries, with excellent cyclic stability 
and attractive rate capacity [45,46]. However, stress generation in 
transition metal oxides during charging remains largely unexplored. We 

Fig. 3. The evolution of hoop stress at the particle surface in various anodes 
undergoing two-step lithiation process. 
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would like to point out that the mechanical model for the two-step 
charging developed in this paper can be applied to understand the 
lithiation process of transition metal oxides. 

5. Conclusions 

This work studies the stress generation in anodes undergoing two- 
step charging by resorting to finite element modeling. Anodes investi-
gated include a-Si anodes, Ge anodes, and Sn anodes in lithium-ion 
batteries, and Sn anodes in sodium-ion batteries. The model accounts 
for the evolution of concentration profiles of guest atoms during the two- 
step charging process, as well as the large volume change and elastic 
softening caused by charging. It is revealed that the existence of a 
moving interface during the first-step of charging generates high tensile 
stress in the surface layer of particle anodes, while the second step of 
charging gives rise to a stress drop, reducing the mechanical driving 
force for crack formation and thus enhancing the resistance to me-
chanical failure. The stress relaxation can be ascribed to two factors: the 
gentle variation of guest atom concentration in anodes during the sec-
ond step of charging, and the elastic softening. Among all the anodes 
studied in this work, the Sn anodes in sodium-ion batteries undergo the 
lowest stresses at the end of charging. To understand the mechanism of 
stress reduction and validate the simulation results, we further outline a 
simple theoretical model to evaluate the tensile stress in the surface 
layer of anode after full charging; Tensile hoop stresses obtained from 
the theoretical analysis agree quantitatively with the results of finite 
element modeling. Both the finite element modeling and theoretical 
analysis underscore the importance of the composition of the interme-
diate phase in dictating the charging-induced stresses: the fewer guest 
atoms the intermediate phase contains, the stiffer the intermediate 
phase is, and the lower the stresses are at the end of charging. Finally, we 
also examine the assumption of linear modulus-concentration relation 
widely adopted in related studies, since first-principles calculations 
suggest the dependence of modulus on concentration is not linear. The 
results imply that assuming the linear modulus-concentration relation 
may underestimate the stresses in the second step of charging. Ulti-
mately, our findings shed fundamental insight into quantitative under-
standing about stress generation and evolution in anodes undergoing 
two-step charging, which holds the key to the control and mitigation 
of charging-induced fracture. 
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